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Abstract
In this paper, the brane inflationary model inspired by polytropic inflationary idea is studied. In
slow-roll approximation and high energy limit, for a chaotic potential, the model is developed and
its characteristics is discussed. We obtain explicit expressions for the scalar power spectrum, the
tensor-scalar ratio, the scalar spectral index and its running in terms of the polytropic parameters.
We find a new constraint on the energy scale of the inflation and the brane tension using the
WMAP9 data.
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I. INTRODUCTION
As is well known, many long-standing problems of the standard hot big bang scenario,
such as flatness and horizon problems, can be removed if one consider a very rapidly accel-
erated expansion phase at the very early stages of the history of the universe which is called
inflation [1, 2].
The past few years witnessed a great deal of attention in higher dimensional gravity.
It was shown that the fundamental higher-dimensional gravitational scale can be reduced
down to the TeV-scale in the presence of a large extra dimension [3–5]. In these theories the
standard model of particles is confined to a lower-dimensional brane and only gravity can
propagate into the bulk. The effect of the extra dimension induces additional terms in the
Friedmann equation on the brane [6–8]. Specially, the existence of a quadratic term in the
energy density generally makes it easier to obtain inflation in the early universe [9–13].
On the other hand, the polytropic gas has recently been proposed as an alternative dark
energy model for describing the late time acceleration of the universe [14], after that its
equation of state is frequently used in various astrophysical situations, such as degenerate
white dwarfs, neutron stars, main sequence stars [15], and also in the case of Lane-Emden
models [16, 17]. Then, a question was raised; can we have a polytropic inspired inflation
like a Chaplygin inspired inflation? Bertolami et al first proposed a phenomenological mod-
ification of gravity inspired by the Chaplygin gas equation of state which was then known
as Chaplygin inspired inflation [18]. In this scenario the standard inflaton field can be ex-
trapolate to obtain a successful inflationary era with a Chaplygin gas model. After that the
authors in [19], extended this procedure to a brane-world Chaplygin inspired inflationary
model. Similar works have been done in the context of a Chaplygin inspired inflation using
a tachyon scalar field [20, 21]. In a recent work a similar approach was used to introduce
a polytropic inspired inflationary model [22]. This scenario was extended to the brane cos-
mology in which a tachyon field was considered as the inflaton [23]. On the other hand in
[24], a generalized polytropic gas equation of state has been introduced and its cosmological
applications has been investigated. In the present paper, assuming a canonical scalar field
as the inflaton field we study the polytropic inflationary scenario in brane-world models. It
can provide the conditions to compare with the results in [22] and [23]. The outline of the
paper is as follows. The next section presents a short review of the modified Friedmann
2
equation in brane-world model in the presence of a polytropic gas. In Sec.III we study the
scalar and tensor perturbations in our model and derive the cosmological parameters. In
Sec.IV we use a chaotic potential in the high-energy limit to obtain explicit expressions for
model parameters. Finally, in Sec.V we present a conclusion.
II. THE MODEL
In this section, a five-dimensional brane cosmology is studied with the modified Friedmann
equation given by
H2 = κρφ[1 +
ρφ
2λ
] +
Λ4
3
+
ξ
a4
, (1)
where H = a˙/a is the Hubble parameter. The ρφ and Λ4 are respectively, the matter field
confined to the brane and the four-dimensional cosmological constant. We also assume that
κ = 8piG/3 = 8pi/(3m2p). The influence of the bulk gravitons on the brane is shown in the
last term of the equation, where ξ is an integration constant. The four and five-dimensional
Planck masses are related through brane tension λ inmp =
√
3M65 /(4piλ), where constrained
by nucleosynthesis. The brane tension satisfies the inequality λ > (1MeV )4. We suppose
that the four-dimensional cosmological constant is zero. In addition, at the beginning of
inflation, the last term in (1) vanishes. Thus, the equation (1) reduces to
H2 = κρφ[1 +
ρφ
2λ
]. (2)
On the other hand, the polytropic fluid which has been proposed as an alternative model
for describing the accelerating of the universe [14], has an equation of state of the form
p = Kρ1+
1
n , (3)
where K and n are constant values called in the literature polytropic constant and polytropic
index, respectively. The polytropic constant K can take the positive value for radiation and
stiff fluid, the zero value for dust and the negative value for inflationary scenario [14]. The
case n = −1
2
, is motivated by string theory [25–29]. Now, using (3) and conservation
equation
ρ˙+ 3H(ρ+ p) = 0, (4)
we can obtain
ρ = [−K +Ba 3n ]−n, (5)
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where B is an integration constant. In (4) dot means derivative with respect to the cosmo-
logical time.
In this article we will not consider the above equation as a consequence of the polytropic
equation of state (3), but we start by studying the modified gravity, where the gravitational
dynamic is given by modified Friedmann equation as [30]
H2 = κ[−K + ρφ−1n ]−n[1 + ([−K + ρφ
−1
n ]−n)
2λ
]. (6)
In here, ρφ =
1
2
φ˙2 + V (φ) and V (φ) is the scalar potential. This modification of energy
density is understood from an extrapolation of equation (5) as
ρ = [−K + ρm −1n ]−n → [−K + ρφ−1n ]−n (7)
where ρm is the matter energy density [22, 23, 31].
The Klein-Gordon equation for the scalar field confined on the brane is written as
φ¨+ 3Hφ˙+ V ′ = 0. (8)
and the pressure of a scalar field is expressed as
pφ =
1
2
φ˙2 − V (φ). (9)
During the inflationary epoch the energy density associated to the scalar field is of the order
of the potential, i.e. ρφ ∼ V . Assuming the set of slow-roll conditions, i.e. φ˙2 << V (φ) and
φ¨ << V ′, the Friedmann equation (6) reduces to
H2 ≃ κ[−K + V −1n ]−n[1 + ([−K + V
−1
n ]−n)
2λ
]. (10)
Also equation (8) becomes
3Hφ˙ ≃ −V ′. (11)
Introducing the dimensionless slow-roll parameters, we can write
ε = − H˙
H2
≃ V
′2
6κ
V
−1
n
−1[−K + V −1n ]n−1 [1 +
([−K+V
−1
n ]−n)
λ
]
[1 + ([−K+V
−1
n ]−n)
2λ
]2
, (12)
and δ = −φ¨
Hφ˙
= H˙
H2
+ V
′′
3H2
as
δ ≃ −V
′2
6κ
V
−1
n
−1[−K + V −1n ]n−1 [1 +
([−K+V
−1
n ]−n)
λ
]
[1 + ([−K+V
−1
n ]−n)
2λ
]2
+
V ′′
3κ[−K + V −1n ]−n[1 + ([−K+V
−1
n ]−n)
2λ
]
.
(13)
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Also, we can define
η ≡ ε+ δ = V
′′
3κ[−K + V −1n ]−n[1 + ([−K+V
−1
n ]−n)
2λ
]
, (14)
where in the low-energy limit (−K + ρ−1/nφ )−n ≪ λ, they reduce to the standard form in
[22].
The condition under which inflation takes place can be summarized with the parameter
ε satisfying the inequality ε < 1, which is analogue to the requirement that a¨ > 0. This
condition could be written in terms of the scalar potential and its derivative V and V ′, as
V ′2V
−1
n
−1[1 +
([−K + V −1n ]−n)
λ
] < 6κ([−K + V −1n ]1−n)[1 + ([−K + V
−1
n ]−n)
2λ
]2. (15)
Inflation ends when the universe heats up at a time when ε ≃ 1, which implies
V ′2f V
−1
n
−1
f [1 +
([−K + V
−1
n
f ]
−n)
λ
] ≃ 6κ([−K + V
−1
n
f ]
1−n)[1 +
([−K + V
−1
n
f ]
−n)
2λ
]2, (16)
where the subscript f , has been used for the final values. In high energies when [−K +
V
−1
n ]−n ≫ λ, equation (16) becomes
V ′2f ≃
3κ
2λ
V
1
n
+1
f [−K + V
−1
n
f ]
1−2n. (17)
Also, the number of e-folds at the end of inflation where indicates the count that scale factor
parameter grows by a factor e, is given by
N =
∫
Hdt =
∫
H
φ˙
dφ = −3
∫ φf
φ∗
H2
V ′
dφ = −3κ
∫ φf
φ∗
[−K + V −1n ]−n
V ′
[1+
(−K + V −1n )−n
2λ
]dφ,
(18)
in which ∗, stands for the epoch when the cosmological scales exit the horizon. Also, we can
rewrite Eq.(18) in the high-energy limit as
N = −3κ
2λ
∫ Vf
V∗
[−K + V −1n ]−2n
V ′2
dV. (19)
III. PERTURBATIONS
In this section we will study the scalar and tensor perturbations for our model following
the procedure used in [32]–[34]. It was shown in [35] that the curvature perturbation R on
comoving hypersurfaces is related to the field fluctuation δφ via
R = H
φ˙
δφ =
H
φ˙
(
H
2pi
). (20)
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Thus, for a scalar field the power spectrum of the curvature perturbations is given in the
slow-roll approximation by the expression PR = ( H22piφ˙)2 [9]. So, in our model
PR ≃ 9κ
3
4pi2V ′2
[−K + V −1n ]−3n[1 + ([−K + V
−1
n ]−n)
2λ
]3. (21)
Since according to standard notation in the literature the power spectrum is the contribution
to the variance per unit logarithmic interval in the wave number k, to describe the slope of
the power-spectrum we define the scalar spectral index ns, through ns−1 = d lnPRd ln k , where the
interval in wave number is related to the number of e-folds by the relation d ln k(φ) = dN(φ).
From Eq.(21), we get, ns = 1− 4ε+ 2δ = 1− 6ε+ 2η, or equivalently
ns = 1− (−K + V
−1
n )n
3κ
[1+
(−K + V −1n )−n
2λ
]−1(
3V ′2V
−1
n
−1
(−K + V −1n )
[1 + (−K+V
−1
n )−n
λ
]
[1 + (−K+V
−1
n )−n
2λ
]
−2V ′′). (22)
Planck 2015 results [36], indicate that there is not any statistically significant running of
the scalar spectral index nrun = dns/d ln k, but we can obtain its relation in our model as
nrun =
4(−K + V −1n )
V
−1
n
−1V ′
[1 + (−K+V
−1
n )−n
2λ
]
[1 + (−K+V
−1
n )−n
λ
]
[3ε′ − η′]ε. (23)
On the other hand, the generation of tensor perturbations during inflation would produce
gravitational waves [37] and these perturbations in brane cosmology are more involved since
gravitons can propagate into the bulk. The amplitude of tensor perturbations in brane
scenario has been calculated in literature [38, 39]
Pg = 24κ(H
2pi
)2F 2(x), (24)
where x = Hmp
√
3/(4piλ) and
F (x) = [
√
1 + x2 − x2 sinh−1( 1
x
)]−
1
2 . (25)
In our model it reduces to
Pg ≃ 6κ
2
pi2
[−K + V −1n ]−n[1 + ([−K + V
−1
n ]−n)
2λ
]F 2(x), (26)
From expressions (21) and (26) we write the tensor-scalar ratio as
r = (
Pg
PR )|k=k∗ ≃
8V ′2
3κ
(−K + V −1n )2n
(1 + (−K+V
−1
n )−n
2λ
)2
F 2(V )|k=k∗· (27)
Here, k∗ is referred to k = Ha, the value when the universe scale crosses the Hubble horizon
during inflation.
6
IV. CHAOTIC POTENTIAL IN THE HIGH ENERGY LIMIT
Let us consider an inflaton scalar field φ, with a chaotic potential as V = m2φ2/2, where
m is the mass of the scalar field. In the following, we develop our model in the high-energy
limit, i.e. (−K + V −1n )−n ≫ λ.
Since for the potential under consideration, V ′2 = 2m2V , using Mathematica we obtain
from Eq.(19)
N =
3κ
8m2λ
[h(V∗)− h(Vf)], (28)
in which
h(V ) = V 22F1(2n, 2n; 2n+ 1;KV
1
n ), (29)
and 2F1, is a hypergeometric function. Also, Eq.(21) reduces to
PR ≈ 9κ
3
64pi2m2λ3V
(−K + V −1n )−6n, (30)
and from Eq.(22) and Eq.(23) we obtain
ns ≈ 1− 4m
2λ
3κ
(−K + V −1n )2n( 6V
−1
n
(−K + V −1n )
− 1), (31)
and
nrun ≈ −32m
4λ2
9nκ2
(−K + V −1n )4n−2[(n− 3)K + 5nV −1n ]V −1n , (32)
respectively.
In the case of tensor perturbations, one can check that in the high energy limit, we have
F 2(x) ≈ 3
2
x [40, 41], where in our model x = 1
λ
[−K + V −1n ]−n. Then, the power spectrum
of tensor perturbation can be rewritten as
Pg = 9κ
2
2pi2λ2
[−K + V −1n ]−3n, (33)
and then the tensor to scalar ratio becomes
r ≈ 32m
2λV
κ
(−K + V −1n )3n. (34)
Using Eqs.(30) and (34), one can solve K and m, in terms of PR, r, V and λ as follows
K = V
−1
n − [2pi
2λ2PRr
9κ2
]
−1
3n , (35)
and
m =
pir
12
√
λPR
κV
. (36)
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As we mentioned in Sec.II, we know from [14] that for an inflationary universe K < 0. Thus,
from (35), the ratio V
3
λ2
, satisfies the inequality below
V 3
λ2
>
2pi2rPR
9κ2
, (37)
where according to the results of WMAP nine year data [42], if we choose PR = 2.464×10−9
and r = 0.13, a lower limit for this ratio can be obtained as V 3∗ /λ
2 > 7.02× 10−10, in which
we have assumed κ = 1. We should note that in [19] a lower limit, V 3∗ /λ
2 > 7.2× 10−11m4p,
and in [21] an upper limit, V 3∗ /λ
2 < 2.4×10−11m4p, for this ratio has been obtained but using
WMAP5 data and in a Chaplygin inspired brane inflationary scenario, using respectively a
standard and a tachyon scalar field. For comparison, we can rewrite our result in terms of
m4p, as V
3
∗ /λ
2 > 1.001× 10−11m4p.
V. SUMMARY
In this paper we studied polytropic inflationary model in the context of a braneworld
scenario. We obtained the dimensionless slow-roll parameters. The condition under which
inflation takes place is discussed by using the parameter ε satisfying the inequality ε <
1. This condition is expressed in terms of the scalar potential and its derivative as given
by Eq.(15). Then, we studied the scalar and tensor perturbations and derived the power
spectrum of the curvature perturbations in the slow-roll approximation and an expression
for the corresponding scalar spectrum index ns and its running nrun. Then, we considered an
inflaton scalar field with a chaotic potential and developed the model in the high-energy limit.
We obtained the scalar power spectrum, the tensor-scalar ratio, the scalar spectral index
and its running in terms of polytropic constant K, polytropic index n, mass of the inflaton
field m, brane tension λ and the potential V . By using these relations and observational
data from WMAP9 we obtained a new lower limit for the ratio V 3/λ2.
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